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Abstract

A realization of irreducible tensor operators under the non-canonical reduction
of the compact symplectic group Sp(4) ~ O(5) D SU(2) x U(1) is developed
in terms of a system of Bose creation and annihilation operators. The method
of derivation of their matrix elements is presented and some concrete cases are
explicitly computed as illustration.

PACS numbers: 02.20.Qs, 02.20.—a, 02.20.Uw

1. Introduction

Irreducible tensor operators are defined as a set of operators transforming among themselves
according to an irreducible representation of a given group. In the case of the non-canonical
reduction of the compact symplectic group Sp(4) ~ O(5) D SU(2) x U (1), the lack of one
parameter for the complete specification of the basis vectors, within an arbitrary irreducible
representation, makes obtaining the matrices of generic representations and the very definition
of tensor operators difficult. However, the operators that appear in physical applications
transform according to irreducible representations of low dimension, for which the missing
label problem is absent and the tensor operators are well defined. In the present article we will
deal exclusively with this kind of operator.

The generators of Sp(4) can be denoted as G¢, a,b = —2,...,2, zero excluded [1].
They satisfy the identities G¢ = —e%€” G~°, with € = a/|a|. In unitary representations
Gyt = GZ. Under the reduction Sp(4) D SU (2) x U (1) the generators of the group can be
defined as follows (for the convenience of the reader, the relation with the O(5) Hermitian
generators Lj; = —i(x;Vy — xV;), j,k =1,...,5, is also given): the SU(2) generators
are J() = (G} — G%)/Z = L34, J+ = Gé = L45 + iL53 and J_ = G% = L45 — iL53.
The U (1) generator is H = (G} + G%) 2 = Lj,. The remaining generators define two
irreducible vector operators with respect to the SU (2) subgroup, one of which has the tensor
components Uy = Gl_l/\/i = [Lis + Loz +i(Los + L3)1/V2, Uy = G', = Lsy +iLys,

0305-4470/02/143343+14$30.00  © 2002 IOP Publishing Ltd Printed in the UK 3343


http://stacks.iop.org/ja/35/3343

3344 R A Tello-Llanos

U_, = Giz/ﬁ = [L14 — Loz +1i(Las — L31)]/+/2; the other, Hermitian conjugated, has
the components V, = (—=1)“U*,, « = 0, 1. The irreducible unitary representations can
be labelled by (w, ;) , where w; and w, are the eigenvalues of the operators H and Jj in
the highest weight state. There are three available parameters for the identification of the
basis states: the eigenvalues of the commuting Hermitian operators J?, Jy and H, which will
be denoted as j (j + 1), m and t. The necessary fourth parameter is missing; and this fact
has been the essential problem in the construction of the non-canonical representations of
Sp4) D SUQ2) x U(1).

Following Hecht [2], the irreducible tensor operators T are defined through their

Tjm

commutation relations with the generators of the group
(1. T35 = T (1)
[Jo. T "] = mT 5 )
J T(wl ,@2) \/ 1 _ Zl: 1 T(w1 ,w) 3
[ Tjm ] JG+1) —m(m ) Tjm=El 3)
(U, TS0] Z T (@1, 0T + 1, j ' m+ k| Ul (@1, @2)7, j, m) @
[V, TS ] = Z T @1 0T = 1, ' m+ |Vl (@1, o). j, m). 5)

i’

Note that in equations (4) and (5) the basis states of representation (w;, w;) are labelled
with only three parameters 7, j, m without a multiplicity label. This will be sufficient for
the representations ( —) (1,0), (1, 1), (2,0) and (2, 2), of remarkable interest in physical
applications, as was discussed in detail by Hecht [2].

In the present paper a new and complete description of the irreducible tensor operators
which transform according to (%, %), (1,0) and (1, 1) will be given as well as a method for
the derivation of their matrix elements. The tensor operators transforming as (2, 0) and (2, 2)
could be treated with the same method, but were left out of these investigation for brevity.

The necessary computations are based on a Bose realization of the representation space
and the algebra of generators recently proposed by the present author [3], as well as on a
straightforward use of the SU (2) tensor algebra.

2. Bose realization of Sp(4) D SU2) x U(1)

In [3] a Bose realization of the non-canonical representations of Sp(4) D SU(2) x U(1) was
obtained. The generators of the algebra were expressed as linear combinations of the Weyl
generators E;; of SU@4) (i, j =1,...,4):

H = (E\ — Exn+E3 — Eu)/2 (6)
Jo=(En — Exp — E33+ Eq)/2 Jy=E;3— Ep J_=FE3 — Exn (7
Up=Eu+En U =v2E, U,=v2Ey ®)
Vo=En+Exs  Vi=—V2Es Vo =-V2E. )

Following a prior proposal due to Holman [4], the Bose realization was defined through a
Schwinger-type mapping of E;; onto the union of a set of boson creation ¢/ (1) and destruction
c‘z} (1) operators with another independent set aib (2) and c‘zf’ 2)@=1,...,4and b =1,2):

Ejj =a}(D)a}(1) +a/(2)a}Q2) +a; (2)a;(2). (10)
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In this realization, the basis of a generic (w; = g + p/2, w, = p/2) representation is a subspace
of the product of representation spaces of (p/2, p/2) and (g, 0), according to the rule

(g +p/2, p/DanIM) = Y |pgringjijonM) Ay (inajifo). (1)
{ninajijo}
For convenience, the notationt = n, ©; = n;, ©» = 2n, was introduced, so thatn = n; + 2n,.
The parameter o enumerates the degeneracies of the basis vectors. The vectors on the right-
hand side form a standard basis of (p/2, p/2) x (g, 0):

|pgnina jijanJM) = Z(jljzmlmZ lIM)|(p/2, p/2)ni jim1)|(q, 0)na joms). (12)
mymy

The basis vectors in (p/2, p/2) and (gq,0) are defined as polynomials in two
independent sets of boson operators, applied to the boson vacuum: the set of single creation
operators a; (1), ay(1), aj(1), a; (1), and the set of double antisymmetric creation operators
a14(2), a1 (2) +az(2), a3 (2), a13(2), a»4(2), respectively. For details, see equations (12) and
(20) of [3]. The double boson operators are defined as

aij(2) = a}(2)a;(2) — aj(2)a; (2) (13)
and, similarly, the double destruction operators a;;(2) = [a;;(2)]*.

The coefficients Ay,  (n1n2j1j2) are the solution of a system of linear homogeneous
algebraic equations, derived in terms of a set of elementary tensor operators under the SU (2)
subgroup of Sp(4). These are denoted by Q(/2, R1/2 SM "and the scalars @3, d@a4. These
operators are used below with a choice of their phase factors slightly different from the one
made in [3]. Their components are defined as follows, maintaining, for brevity, their rank in
implicit form:

Q1 = —ia(1) 01 =ia;(1) Ripp = a5(1) R_ip = ay(l) (14)
Si=—an So = (@21 + @) /2 S| = —dy. (15)

In the next section, these destruction operators, as well as the Hermitian-conjugated
creation operators, are combined in SU (2) tensor products in order to describe the solutions of
the equations (1)—(5). The Hermitian conjugation is defined as usual: B® = T®+ if Bq(k) =
(—1)?(T%))". For example, the Hermitian-conjugated creation operators Q/2*, R1/2* and
S™+* have the components

01, =al(l) 0", =a3(1) R}, =ia,(1) Ry, = —iay(1) (16)
ST =au Se = (a1 +az)/V2 ST = anx. (17)

Their reduced matrix elements, although given in [3], are presented in appendix B with the
new definition of phase factors.

3. Irreducible shift tensor operators

As was stressed by Hecht [5], Sp(4) ~ SO(5) irreducible tensor operators are classified not
only by their rank (w;, @), but also by the shift (A}, A,) they induce in an irreducible
representation, when acting on a generic state

TS (A1, M) (@) wh)anIM) — (] + Ay, o)+ Ay)e/n +TJ'M +m). (18)
The parameters A and A, take the same set of values that t and m take within a given Sp(4)
irreducible representation (w;ws).
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11
Table 1. Irreducible shift tensors 7,2 (A, Ay).

4.5H 3.5
Ay Ay T3 2 (A1, A2) T3 (A1 A)
22m —a22m
1 1
3 3 o, Ry,
. 2 . 2
! - a130m — 138" x RIV? | —asRy +i/3157 x 014
_ . 1/2 _ . 2
-1 ! ~Rhan —iy/310* x S13? 0pans +iy/31RY x 5137
_% _% Rm Qm

The correspondence (18) with T = A and m = A;, applied to the highest weight
20 —
[al(D]™ [a3(2)]1 7
[Qe) (@] — o)) (0] — wh + DI]?
shows that TA(‘:'}‘ZZZ)(AI, A;) behaves as [a] (1)]2A2 [a13(2)]*' 72 on this state. The derivation
of these operators can be completed applying the commutation relations (1)—(5). The results

are shown in the next sections in terms of the elementary tensors of the previous section and
the usual definition of the SU (2) tensor product

[Ux VI =" (kikaqiq| KQ) UL V). (20)

q192

l(@jw)n =), J =M = wh) = 0) 19)

11
3.1. Tensors T(z’z)

njm

(A1, Ap)

The components of (%, %) tensors are shown in table 1. Their parameters take the values
j=4%andn,m==£1)2.

3.2. Tensors T'"O (A1, A,)

njm
In the case of (1, 0) tensors the parameters take the values: n = 1, m = 0 for j = 0 and
n=0,m=1,0,—1 for j = 1. Their components are given by the expressions

T (1.O)=ais Ty, (1,0)=S;  THR(.0)=ax 1)

Tl(é(,)o)(o’ )= —IN/E[Q+ X R+](0)524+\/§[[Q+ x Q+](1) x S](O)
To(lly’y?)(o’ 1) = [Q+ X Q+]£nl)&l3 + [R+ % R+]£nl)&24 +21[[Q+ x R+](1) x S]L:) (22)
090, 1) = V210" x R0+ V3[[R* x R x 5]

Tl((;(,)O)(O’ O) — \/E[Q+ x R](O)
Ti(0.0) = ilR* x R —i[Q* x Q1LY 23)

1m

7800, 0) = —V2[R" x Q1.

The remaining tensors Tn(jl,’no) (0, —1) and T,fjlf) (—1, 0) can be derived from equations (22)

and (21) by Hermitian conjugation, using the property
T (A1, Ay) = T (A —Ay)". (24)
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3.3. Tensors T" )(A A»)

njm

The parameters of (1, 1) tensors take the values n,m = 1,0, —1 for j = 1 and n, m = 0 for
Jj = 0. Their components are obtained in the form

Ty, (1L D) = [QF x Q71
TP (1, 1) = —i[Q* x R*ID

(25)
7800 (1, 1) = —[R* x RFIV
T (1, 1) = —i[Q* x R*]”
7V (1,0) = ia;3 {[R* x RIY — [0* x Q1) — V28510 x R]”
70,00 =i [S* x [R* x RIV]Y —i[$* x [0 x 01V]) 6
T (1,0) = iax {[0F x Q1P — [R* x RIV} — V287 [R* x 01©
Ty (1,0) = as[R* x 017 +an[Q* x R]©
TV (1 —1) = —ah[0 x Q1Y + 2iars [S* x [R x 01V] —iv/2a138}[R x 01
3
+V3S5[ST < [R x RV — %[s+ x SO[R x R
Ta (1, —1) = —ai3 [S* x [0 x Q1V]) = an [S* x [R x RIV]) = iasazlR x Q1
3
+iv3SE[S* x [R x Q1] —i%[S* x S1O[R x Q])
1,1 (1) @7
T (1, —1) = a3, [R x RIY — 2ian [S* x [R x Q1] " — iv2a2S},[R x 0]©
VSt <10 x 01V] + Y15t x 51010 x 01
m 2 m
7LD _ . o, /3 + (17O
Tooy (I, —=1) =iazan[R x O + S4s [$* x [0 x Q"]
3 3
—\/;@4 [s* x [R x RIM]” + %i[S* x SYIO[R x Q]©
7100, 1) = 2[107 x 011D x 5] = 2i[Q* x R*Idns
Ty 0.1) =[Q% x Q"1 Vars — [R* x R*)Vdp — iv2[Q* x R*]VS,, o8
74D 0, 1) = 2[[R* x RV x 8]\ — 2i[0* x R*|Vas

Too (0, 1) = V6 [[0* x R*ID x S](O)

There are two independent solutions for the (A} = 0, A, = 0) shift, one defined on the
representation space of (p/2, p/2) and the other on (g, 0):

T}, (0.0); = 2v/2i[Q* x R]Y

11m
Ty (0,001 = v2[0" x Q1 + V2[R* x R
740 (0,0); = —2V2i[R* x Q]

11m

70" (0,0)1 = v2[0* x 01” — V2[R x R]©

(29)
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T1D(0,0), = —v2[ars, Sl +V2IS, do]
T00(0,0), = —v2[8* x SIV — V2[5 x 571D
T£11,11731 (0,0)2 = v2[ax, Sul — V2IS},, a3l

TO%(')”(O, 0)2 = [a13, a13] — laas, doal.

(30)

Note that in (30) the commutator of two operators was applied. The remaining tensors
Ty (A1, Ag), with (A, A) = (0. —1), (=1, 1), (=1,0) and (—1, —1) can be obtained by
Hermitian conjugation of equations (28), (27), (26) and (25), using the property (24).

Finally, the generators (6)—(9) of Sp(4) themselves can be expressed in terms of the (1, 1)

tensors of this section:

H= —%ngé”(o, 0); — %ngé”(o, 0), (31)
T = —%To(ll,;})(o, 0); — %To(ll,;})(o, 0), (32)
Uy = —%Tff,;})(o, 0), — %Tff,;})(o, 0), (33)
Vo= =3 T40.0.0 — 3710, 00 (34)

4. Matrix elements of tensor operators

Matrix elements of the tensors of the previous section are of great interest; properly normalized
they give the Sp(4) ~ SO (5) Wigner coefficients [5]. As can be seen, all of them have a
well-defined tensor rank, not only under the Sp(4) group, but also under the SU (2) subgroup.
Thanks to the SU (2) Wigner—Eckart theorem, their matrix elements take the form
<(CU/1/C()/2/)C(NI’£NJNMN| T(a)la)z) |(a)/1a)/2)a/n/]/M/>

njm

" ” J” i J/ W, /o /v
= (=1 M (_ " ;l M,)((w’{w;’)a”n”J”||T,§j‘ D |(wiwy)en' J).  (35)

In this equation the reduced matrix elements are given by

(@@))a"n"J" | T30 |(wrpa'n J') = > " AL (nny ji j3)
BV EUE HT(wlwz)

x (p"q"n{ny ! j3 g iy i Ay g (R0 ). (36)

Here, p” = 2w}, q" = o] —} and, similarly, p’ = 2w}, ¢’ = w| — ). The sums are fulfilled
over the sets {n{n5ji'j5} and {n|n}j; j;} that lead to the same values n”J"” and n’J’ in the
products of representations (p” /2, p”/2) x (¢”, 0) and (p'/2, p'/2) x (¢’, 0), as was described
in [3]. The matrix elements on the right-hand side of (36) are defined in the standard bases
(12) of the product of representations . They can be computed with the usual composition
formulae of the SU (2) tensor algebra, as will be shown in the following examples. The
coefficients A, are responsible for the projection (p/2, p/2) x (¢,0) — (¢ + p/2, p/2).
These coefficients are also exemplified below.
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4.1. Examples
The first example deals with one of the simplest cases:

11
Tt(jz,,f)(l/Z, 1/2D)(g+ 1, DanIM) — [(g +3/2,3/2)d' . n+1,J', M +m). 37)
From table 1, this shift tensor has the components QF, and R},. Let us consider the matrix

elements of Q* (R* can be treated in complete analogy). Its reduced matrix elements are
defined as

((q +3/2.3/2'n' 1'|QI(q + 1. DanJ) = Y | AL, (ninji j3)

x (3qn\ny ji jsJ QT 12gn1na ji j2J ) Aans (112 j1 j2)- (38)
The action of Q is restricted to the representations (p/2, p/2), p = 2, 3, so that the matrix
element on the right-hand side can be computed with the use of a 6J symbol and the reduced
matrix elements given in appendix B:

Bqninyji j I 1Q 12qnina ji joJ ) = 8uyn,8 5, (= 1) H+1/2

./ 1 .
x\/<2J/+1)(2J+1){’J1 2 ;‘,}<<3/2,3/2)nij{||0+||<1,1)nm>. (39)
2

The coefficients Ay, (n1n7 ji j2) in (38) are solutions of the algebraic equations of [3]. In
general, the cases with g + J +n = odd and g + J + n = even have to be distinguished. These
are shown in appendix A: tables A2 and A3 for the representations (¢ + 1, 1) and tables A4
and AS for (¢ +3/2,3/2).

The final expressions for the non-zero reduced matrix elements of Q* and R* are given
in tables 2 and 3.

As a second example, the following shift can be considered:

(3:3)

T (1/2, —1/D)|(g+ 1, DanJM) — |(¢'+1/2,1/Qn+7,J', M +m). (40)
Here, and in equations (41)-(43), ¢’ = g + 1. The components of this shift tensor were

defined above in table 1. It is sufficient to show the computation of the matrix elements of
11

the operators Tl(/zz’j;z’m(l /2,—1/2), m = £1/2. The other components can be dealt with

analogously. According to equation (36), its reduced matrix elements are

/ !yl (l’l) 1% A ARy Y
(@' + 172, 1/20' 1| T332 (172, =1/2) (g + 1, Dand) = 37 A7 (i i )
x (1) jt 30| Qans + iy 3R x ST1) [2gminaji 2 Auns (rin2j ).
(41)
Note that the basis of (¢ + 1/2, 1/2) is not degenerate, so that the label &’ is irrelevant.

The reduced matrix elements on the right-hand side of equation (41) can be computed
with the usual SU (2) composition formulae

QJ + DRI+ 1)

(lg'n\nyj1jpJ'1Qais[12qninz jijoJ) = 5]-2']-2(—1)“"‘/”2“/2\/ ¥
2+ 1

. . 1
x {’Jl n ]%2} (172, 1/2)m 1 IQU(L, Dy ji) (g, O llarall (g O jo)

(42)
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Table 2. Matrix elements ((g + 3/2,3/2)a’, n +1/2, J +k||Q*||(g + 1, DanJ)*P

o k o g +n+J =even
1 1 | 12(J+1)(J42) (q—J+n+2) (q+ T +n+5)[(q+2) (g+3)+J (g+2)—n(g+3)]* 172
2 245G (q.—n—1/2.I+1/ D Fq.m.])
1 1 ) 127 (J42)(q+2)(q+3) (q— T —n+2) (q+J —n+3) (q+J +n+3) (q+J +n+5) ] 1/2
2 2q+3)Gq.—n—1/2,J+1 /D F(q.n.7)
2 1 1 4J(J+l)(q+2)(q7‘/7n+2)(q+J7n+3)[q2+811+18+J(q+5)+n(z]+3)]2 12
2 - G+H (253G (G —n—1/2.J+1/ D Fqm.])
2 1 2 4(q+3)(q7J+n+2)(q+l+n+3)[3(q+2)(z]+4)+]2(q+2)+l(qz+gq+l2)7Jn(z1+5)73n(11+4)]2 12
2 @+ (2q+5)C(q,—n—172, T+ F(q.n.7)
1 1 | 120 (J+1) (g —J —n+2) (g—J +n+)[(g+2) (g+3)+J (g+2)+n (g +3) ] 12
-2 )G @t 217D F(q.n.T)
1 1 2 12!2 (g+2)(g+3)(g—J+n+2) (g —J +n+4) (g+J —n+3) (q+J +n+3) 12
-2 2q+3)C G121/ F(q.n.T)
5 1 1 4J (J=1)(q+2)(g+] —n+3)(g+J +n+3)[(q+2) (q+5)— J (q+5)+n(qg+3)]* 172
-3 @D (253G G121/ F(g.n.T)
) 1 ) |:4(J 1)(J+1)(g+3)(g— T —n+2) (q—J +n+2)[(g+2)(q+3)+] (q+2)+n(g+5)] ]1/2
2 (q+H) 2q+5)G(q.n+1/2,J—1/2)F(q.n,J)
o k o q+n+J=odd
1
1 ! 1 0
5 1 1 [ Glgne1/2,0+172) 112
2 L g2
1 1 | 12(q+2)(q—J —n+3)(g+J+n+4) 1 1/2
-2 - [ 2453)Gq.—n—1/2.7—1/2) ]
2 1 | 4T =1)(J+1)(2g+T)2(g— J+n+3)(g+] —n+2) 172
T2 @+ (2q+9C(q,—n—1/2,7—172)
YF(g,n, ) =(q+2%q+3) — (g +2J(J +1) — (g +3)n’.
b G(g,n,J)=(q+2)4g+15+@qg+17)n+ [4q2 +30g +53+2Q2q+7)(J +n)]J.
and
o J
/v +7(1/2 1 1
(1g'ninbjij3J" | [R x S1Y2| 2gninajijod) = V217 + DRI+ DL 1 ]
i
Y . / o QE .
x((1/2,1/2)n jiIR|I(L, Dnyji){(g’, 0)ns j3 IS II(g, 0)naja). (43)

The coefficients A, ;(n1n2 ) j») are shown in table A1 for representations (g + 1/2, 1/2)
and in tables A2 and A3 for representations (¢ + 1, 1). The matrix elements on the right-hand
side of (42) and (43) are given in appendix B. The final result is presented in tables 4 and 5.

5. Conclusions

In this article a new set of irreducible shift tensor operators under the non-canonical reduction
of the compact symplectic group Sp(4) ~ O(5) D SU(2) x U(1) was defined, for the case
when the tensor rank (), @;) corresponds to a non-degenerate representation. The tensors
of rank (1/2,1/2), (1, 1) and (3/2,3/2) were explicitly presented, tensors of other ranks
of physical interest can be derived similarly. The construction was presented in the form of
SU (2) tensor products of certain elementary bosonic operators used previously by the author
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Table 3. Matrix elements (¢ +3/2,3/2)a’, n — 1/2, J + k|R*||(g + 1, DanJ)?.

o k o g +n+J =even
,1/2
1 1 1 12(J+1)(J+2) (g —J —n+2) (g+J —n+5)[(g+2) (g+3)+J (q+2)+n(g+3)]
2 N 245G @1+ /DEqmD)
1 1 2 120 (J42)(q+2)(q+3) (q—J +n+2) (q+J —n+3) (q+] —n+5) (g+J +n+3) /2
(2q+5)G(q,n—1/2,J+1/2)F(q,n,J)
2 1 1 4T J+1) (g2 (g T4n42) (T +n+3)[g2+8q+18+1 (g+5)—n(q+3) P |/
2 (q+H(2q+5)G(q,n—1/2,J+1/2)F(q,n,J)
12
2 1 2 4(q+3)(q—J —n+2)(q+J —n+3)[3(q+2) (q+4)+T2(q+2)+J (g2 +8q+12)+ I n(g+5)+3n(g+4)]? /
2 (q+H (2q+5)G(q,n—1/2,J+1/2)F(q,n,J)
[ 12
1 -1 1 | 120D (=T =) (g =T +n42)[(g+2) (g +3)+ (g+2)—n(g+3) /
2 (2q+5)G(q,—n+1/2,T—1/2)F(q,n,J)
r 1/2
1 _1 ) | 1202 +2)(g+3) (g— T —n42) (g—J —n+4) (g +] —n+3) g+ +n+3) /
2 2q+3)G(q,—n+1/2,J—1/2)F(q.n,J)
" 12
2 1 1 | 47T =1)(g+2) (q+T —n+3) (g+T +n+3)[(g+2) (g +5)—J (q+5)—n(g+3) 2 /
2 ! (q+H2q+5)G(q,—n+1/2,T—1/)F(q.n,J)
i 12
2 1 2 40— DU )@+3) g T—n42) (- T +nsD)g D43+ (g42)-n(g+5)2 |
. - G2 Cq. -+ LT/ DFqn])
o k a g+n+J=odd
2 1 1 [ Gmnrippai1n]'?
2 1 @+
1 _1 1 [ 12(q+2)(g—J+n+3) (g+] —n+4) 12
2 Q5)Gqn—1/27-1/2)
12
2 1 1 4(/—l)(J+l)(2q+7)2(q—J—n+3)(z]+J+n+2) /
2 @9 (2q+3)G(qn—1/2.7-1/2)

2 Functions F(g,n, J) and G(g,n, J) as in table 2.

Table 4. ((q’ 12,1/ Dn+1/2,7 +kHQa13 +i3R x §7®)

(g+1, l)anl>ﬂ.

g+n+J =even

/2

. 2(./+1)(q+2)(qfJ7n+2)[(q+2)(z]+3)+](z]+2)+n(z]+3)]2 !
! Qg+ Fq.n, )

. 2](q+2)2(q+3)(q—J+n+2)(q+]—n+3)(q+]+n+3) 172
! Q) Fgm D)

27 (q+2)(q+J —n+3)[(q+2)>=J (g+2)+n(q+3)]* 172
- 2q+5)F(g,n,J)

2(./+1)(q+2)2(q+3)(qfan+2)(q7J+n+2)(q+l+n+3) 12
- (2q+5)F(q.n,J)

g+n+J =odd

k o
3 1
1 2

_% 1

_% 2

k o
3 1

_% 1

) 12
2J(q+2)*(q+J+n+4)
- [ 24+5 ]

(24+5)

. 12
4 [ 20J+1)(q+2)2(g—J +n+3) ]

4 Function F(q,n, J) as in table 2.
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a

1hMe5<@ﬂ+u2J/mn—1/11+k”—R@4—i¢§u)xsq%>

(q+1,DanJ>

k ot qg+n+J =even
,71/2
1 1 | 20041 (g+2) (g— T+n+2)[(g+2) (g+3)+7 (g+2)—n(g+3)]
2 -1 Qe FqunT)
) 12
1 2 .| 2J(q+2)7(q+3)(g—J —n+2)(q+J —n+3)(g+J +n+3)
2 -1 Qa3 Flq.n D)

,11/2

=

2J(g+2)(q+]+n+3)[(q+2)2—J (q+2)—n(q+3)]
- (2¢+5)F(q.n,J)

1 B 2(J+l)(11+2)2(q+3)(117/7n+2)(q7]+n+2)(q+‘17n+3) 12
-2 2q+5)F(q.m. )
k o qg+n+J =odd

12
1 1 2J(q+2)%(q+J —n+4) /
2 2q+5
) 12

1 | | 200+ (g+2)2(g—T —n+3)

2 1 2q+5)

2 Function F (g, n, J) as in table 2.

in the derivation of the irreducible representations of Sp(4) D SU(2) x U (1). The components
of the tensor operators have a well-defined rank under the SU (2) subgroup of Sp(4), so that
the computation of the matrix elements can be performed in two steps. Initially, the reduced
matrix elements can be derived in the representation space of the product (p/2, p/2) x (g, 0),
with the use of the composition formulae of the SU(2) tensor algebra. Secondly, these
reduced matrix elements can be projected onto the space of the arbitrary representation
(g +p/2,p/2) C (p/2, p/2) x (g,0), using the set of coefficients Ay, (n1n2j1j2). This
can be performed at least in the cases when the initial and final states of the matrix elements
belong to representations with multiplicity equal to, or less than, 3. More general cases could
be treated similarly, but the complexity of the computations noticeably increases.

The simplicity of the present method was demonstrated in the examples presented in
section 4. The computation of the matrix elements of the generators given in [3] can be seen
as another more complete example, due to their relation with the tensor TO(S(’)D (0, 0), shown at
the end of section 3.
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Appendix A

In this appendix the coefficients Ay, s (1112 j2) for representations (g +1/2,1/2), (g + 1, 1)
and (¢ +3/2, 3/2) are presented. They were computed as solutions of the systems of algebraic
equations derived in [3]. The case of representations (¢ + 2, 2) was obtained in a similar
manner, but is not presented here for brevity. In general, the values of these coefficients are
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Table A1. Coefficients A, ; (n1nyjij2) in (g +1/2,1/2).

T k Agy (s 52 g1 T = k) Agy (m S5 T +k)
1 1 1 q+J+n+2 172 o (q—J+n+l 172
7 2 2 2443 I\ 23
1 1 1 . (q—J—n+l 172 q+J—n+2 172

-2 2 -2 B e 2043

Table A2. Coefficients Aj ; (n1n2j1j2) in (g + 1, 1).

ni i k A%, (n1, 51, i, J +k)
12
(g—J+n+1)(g+J+n+2)
Lo 0 _1[ 2G+2) (293 }
0 1 | J(g—J—n+1)(g—J+n+1) /2
| TG 2
0 1 | (J+1)(q+J —n+2) (q+T+n+2) T1/2
- 2J+1)(g+2)(2¢+3)
(g—J—n+1)(g+J—n+2) /2
-1 1 0 —i [ 2G+2)2q+3) }
Table A3. Coefficients Ay, ; (n1n2j1j2) in (g + 1, )%
. . n-np
ni J1 k Aln] (nl,T,]l,J+k>
| 1 1 (J+1)(q—J —n+2)(q—J+n) (q—J+n+2) (g+J +n+3) ] 1/2
@I+2) g3 FqunT)
| 1 J(q—J+n+2)(q+] —n+3) (g+]+n+1) (g +J +n+3) | 1/2
- @I+ Qg3 Fiqnd)
0 1 0 0
0 0 0 (g—J —n+2)(q—J+n+2) (q+J —n+3) (q+J+n+3) T1/2
(2q+3)F(q,n.J)
1 1 1 (J+1)(g—T—n)(g—J —n+2)(g—J+n+2) (q+ T —n+3) /2
- 4J+2)2q+3)F(q,n,J)
1 1 1 T J(g—T—n+2)(q+J —n+1)(g+] —n+3) (q+J +n+3) 11/2
- - 1 @I+ 2g ) FqunT)
n i k Agy (s S5 T +K)
N 172
1 1 1 i J(qg—J+n)(g+J —n+3)[(g+2)*—(g+2) J+(q+3)n]
@I+ G+ (q+3) g+ F g T)
12
1 1 1 J+D)(g—J— n+2)(q+]+n+1)[(z]+2)(q+3)+(z]+2)]+(z]+"§)n] /
- @I+2) @) (q+3) Qg+ F g )
Fgng) V2
0 1 0 [ (q+2)(q+3)(24+3) ]
5 N 12
0 0 0 T+
(q+2)(q+3)2q+3)F (q.n.J)
2 27172
1 1 1 i J(q—J—n)(q+J+n+3)[(g+2)"—(q+2)J —(g+3)n]
@I+ G+ (q+3) g+ F g T)
12
. | . i [(J+l)(11*J+n+2)(q+./7n+1)[(z]+2)(q+3)+(11+2)17(q+3)n]2] /

(4J+2)(q+2)(q+3)(2q+3)F(q.n,J)

2 Function F (g, n, J) as in table 2.

different depending on whether the sum ¢ + J + n is an odd or an even integer. They are
distinguished by a superscript ‘0’ or ‘e’.



3354 R A Tello-Llanos

Table A4. Coefficients Ay, (n1n2j1j2) in (g +3/2,3/2)".

PR k Agnj(nl,%,jl,uk) no k Agnj(nl,%,jl,uk)
3 2 3| vielg.n. ) 3 3 3 vou (g, —n, J)
3 3 -5 | valgn D) 3 3 -3 Vi0a(q, =1, J)
i 3 3| vl D) 33 3 Vea (q. =1, J)
;3 -3 | vl D) i3 -3 via (g, —n, J)
i3 3| vsalgn D) 33 =3 | —usalg.—n.J)
-3 3 3| veelgn, ) -1 3 3 v3a (g, —n., J)
-3 3 ~3 | vilg.n D) -3 3 3 Via(q. =1 J)
-3 3 -3 | wselgn ) -3 1 5| —vsalg.—ni )
-3 3 ~3 | vsalg.n D) -3 3 3 Via(q. —n. J)
-3 3 -3 | vielg,n, D) -3 3 -3 v2a(g. —n. J)

4 Functions v;, are defined in table A5.

Table AS5. Functions v, for representations (g +3/2, 3/2), = 1,284,

i Vig(q, 1, J)
L ST
J+Dl(g—J+n)"—1] J(2J=1)(g—J —n+2)[(g—J+n)*—1]
1 - [m] Salg.n, J) — |: 3(27+3)(q+T—n+A) (q+T+n+1) ] la(q,n, J)
1
2 [J(g—J+n+1)]2ty(g,n,J)
1 1
[ Jg—Jn+) ]2 L[ 374D QI-D)(g—J —n+2)(g—J+n+1) | 2
3 1 [T} Sa(g,n, J) — 1[ ENE) VTV ETESY) } lalg,n, J)
. 1
4 i[(J+D(@g+J —n+2)]2t,(q,n,J)
. 1
5 —i(qg—J+n+1)2s4(q,n,J)
1
3(g—J—n)(g—J+n+1) 72 JQ2J=1)(g—J—n)(qg—J—n+2)(g—J+n+1)] 2
6 [4(]+1)(2]+3)(11+J+n+3)j| Sa(q,n, J) = [ QT3 (q+T ) (q+T+n+3) } ta(q,n, J)
1
QJ-1)(g+J—n+2) ]2 3J(g+J —n+2)(g—J—n+2) | 2
7 [W] ‘Va(‘b”J“[W] la(gq,n, J)
1
8 (g+J —n+2)2s4(q,n,J)
1
1 =
[3(g—J-nm)(g+J—n+2) ]2 | J+DQI=D(g—T—n)(g—n+2)2—J?] |2
9 1[ 72T +3)(q+J+n+3) ] Salg,n, J) = 1[ I3 (q+T+n+ 1) (q+T+n+3) ] la(q,n. J)
1
1 L
[ QI=D)(g+J—n)(g+J—n+2)] 2 | D@ —m)(g—n+2)2 -] |2
10 I[W] Salg,n, J) +i |: 3(q—Tn+3)(q+Ttn+T) ] ta(q,n, J)
1
_ 2(2J+3)(q—J+n+3)(g+J —n+4) (g+J+n+3) | 2 _
asl(q» n,J)= |: (29+3)(29+5)G(q.n,T) ] ~t1(q~ n,J)=0.
1 1
b _ 2J-1)(g—J —n+D)[z(g.n, D 2 _ (q+J+n+1)G(q.n.J) 2
s2(q,n, J) = _[ o(q+2)<q+4)(2q+3)(2q+5)c(q.n,J)] s(g.n. J) = [SJ(J+1)(q+2)<z1+4)(211+3)(211+5)}

Cz2(q.n, J) =2q%+16q +33 +2J (g +5) +2n(q +2).
d Function G(q,n, J) as in table 2.

The basis states of (g + 1/2, 1/2) are not degenerate, so that the parameter « is irrelevant.
Table A1 shows the corresponding coefficients.

Basis states of (¢ + 1, 1) with ¢ + J + n = odd are also not degenerate. Those with
q+J+n = even have, in general, multiplicity 2. Their A, coefficients are given in tables A2
and A3.

In representations (g + 3/2, 3/2) the basis vectors have, in general, multiplicity 2. Their
coefficients A, ; are given in table A4 through the functions v;, of table AS.
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Appendix B

The operators Q/?, R/2 - Q1/2* and RM/2* act on the representation space of (4, £).
Their non-zero reduced matrix elements were given in [3]. For the sake of completeness, and
due to a change in the phase factors, they are given again in this appendix.

(5225233l @ 8)5) -5 -]
(2525 - 3] By = (s ]
<<%”,%”)n+é,f+%i\RH<§,§>nf>=i[<§—f>u+n+nr

(25 25 memi = 2 R[ (2. 2ymi) =il (Z wi ) -]
(55557 ) negoies) @) (G 5)ni)=~[(3+ivD) Gensn]
(22 2y hs = e (2w =[(E -5y -m]

(25 25y 0o g e (2 B)ai) = ~[( i +2) g =nem)]
(22 22y L e | (2 2)w) = [(E o1y oom]

For the same reasons the non-zero reduced matrix elements of the SU (2) vector SV and
SU (2) scalars a3, and dp4 are shown here. Their action is restricted to the representation
space (g, 0).

((g = 1,00n, j +1[Sl(g, 0)nj) = —[

G+1)(g+1)(qg—j+2n)(q—j—2m)7
2g + 1

(¢ — 1.0, j — 118/ (. Onj) = _|:j(q+ Dig+j+2n+1(g+j —2n+1)T

2g +1

(2j+1)(q+1)(q+j+2n+1)(q—j+2n)T

1.0~ . ], om) = 300+ D

(2j+1>(q+1><q+j—2n+1><q—j—2n>T

((q—1,O)n+l,j||6724||(%0)”j>:|: 2Q2q + 1)

The reduced matrix elements of the Hermitian-conjugated S+ g5 and ays can be computed
immediately with the usual expression for tensors of integer rank:

(g, 0n' j'ITO (g, 0)nj)* = (=17 7 {(g, OnjlIITO* (g, 0y’ j').
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